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Eigenvalue Matrix Analysis of Segmented
Stripline Junction Disk Circulator

Kevin M. Gaukel, Member, IEEE, and El-Badawy El-Sharawy, Senior Member, IEEE

Abstract—An accurate and numerically efficient analysis tech-
nigque for tightly coupled three-port stripline circulators is dis-
cussed. By using the three-way symmetry of the network, the
port-only segmentation analysis is reduced to generating and
solving three smaller “eigenvalue matrices.” In addition, accuracy
enhancement is shown by weighting the subport characteristic
impedances and subport angles to more accurately reflect the
current distribution of the ports.

I. INTRODUCTION

NALYSIS of three-port triplate stripline disk circulators

has been performed in variations of constant current
Green’s Function analysis by Bosma [1]. More intricate nu-
merical techniques such as the finite element method presented
by Lyon and Helszajn [2] and the integral equation techniques
presented by Okoshi [14] and Miyoshi et al. [3], [4] have also
been presented. Bosma’s approach is limited by its nonrealistic
current distribution to coupling angles of less than 0.25 radians
[5]. The integral equation technique, which segments the
entire disk structure and discretely solves the Green’s Function
Equation at each segment, may not be easy to implement as
an iterative design tool because of the large matrices required
to generate solutions. Similarly, the finite element analysis
requires a complex mesh generating algorithm as well as a
large amount of computing capacity.

A numerical approach presented by the authors [6] reduced
the matrix size by restricting the subdivision of the structure
to the ports themselves. These segments are assumed to
be directly connected just outside of the coupling ports.
This analysis reduced the required impedance matrix size to
3N x 3N, where N is the number of subports within each
port. Unlike the segmentation analysis presented by Okoshi
[14], the port-only analysis utilized the segmentation only as a
means to predict the current distribution across each port. Once
the current density was determined, the ports were assumed
connected, and the circulator is reduced to a three-port device.
Since there were no interface networks other than the port
connections, the number of matrix operations required were
reduced.

The present analysis utilizes the cyclic symmetry of the
circulator network to reduce the required matrix size to three
N x N matrices made up of the eigenvalues of the cyclic
submatrices. These eigenvalues matrices reduce to the “0,”

Manuscript received June 20, 1994; revised December 16, 1994,

K. M. Gaukel is with Celwave, R.F., Phoenix, AZ USA.

E. El-Sharawy is with the College of Engineering and Applied Sciences,
Arizona State University, Tempe, AZ 85287-7206 USA.

IEEE Log Number 9412032.

2a

/

-2n/3
Three-port disk circulator with subdivided ports.

Fig. 1.

“+1,” and “—1” admittance eigenvalues of the circulator
being modeled. The present approach improves the numerical
efficiency by a factor of 9.

Accuracy is also improved by weighting the subport
stripline feed impedances to take into account the edge
conditions of the stripline feeding the circulator. Since the
voltage is assumed constant, the edge current distribution is
more accurately represented by making the outer subports
lower in impedance than the central subport. The resulting
accuracy enhancement allows for use of much fewer subports
and therefore much smaller matrices.

When the subport model is compared to experimental data
on a three-port quarter-wave coupled circulator, the subport
analysis is shown to be accurate in terms of impedance,
bandwidth, and midband isolation. Weighting improves the
accuracy even further, although more modes were required
to accurately calculate the impedance matrix term.

II. DIRECT CALCULATION OF SUBPORT MATRIX

The basic port-only analysis in [6] starts with a three-port
disk resonator of radius R coupled with three stripline ports
with coupling angle 2¢) as shown in Fig. 1. The stripline ports
are segmented into IV subports, each with coupling angle 2.
The resonator periphery not within the ports is assumed to
have zero magnetic field, and the total port coupling angle is

0018-9480/95$04.00 © 1995 IEEE



GAUKEL AND EL-SHARAWY. ANALYSIS OF SEGMENTED STRIPLINE JUNCTION DISK CIRCULATOR

Fig. 2.

Isometric view of stripline circulator being modeled.

2N a. The physical width of the main port and the subport are
given in (1) and (2) in terms of the coupling angles

w = 2Rsin (¢) (D

wy = 2R sin (). 2)

The network in Fig. 1 is placed in between two ferrite
substrates and two perfect electric conductor sheets to form a
stripline configuration, as shown in Fig. 2. The region outside
of the ferrite is air, and there are no other dielectrics in the
structure. The ferrite has a dielectric constant of ¢y, and its
permeability is determined as a tensor of the form given in (3)

poo—jk 0
0 0 Ho

The terms p and k are determined by the external DC-applied
field and are well known in literature [1], [10]. From these,
the effective permeability of a radiaily travelling wave in the
ferrite is determined from y and k in (4)

2 _ g2

I

and the propagation constant of a TEM wave in the ferrite is
given in (5) in terms of u.fs, €5, and the frequency w

Be = wy/Hheff€s- (%)

The impedance matrix for the structure in Fig. 1 was
determined in [6] by assuming that the electric field was
constant just beyond the disk edge and that only TEM modes
propagated in the stripline. The result of the analysis is given
in (6)

Heff = Q)

Zgeitim = jZ.y Z R:n(()g)e_jn(¢lm_¢’st) (6)

n=—0oo

where the angle ,,,, series prefix term R, (), and matrix
indices ¢ and r are determined in (7)—(10)

2m —1 27
<le=( N —1)¢+—3“(l"‘1) )
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Fig. 3. Eigenvector excitation and detection of adjacent subports.
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The quantity Z, given in (6) is the subport stripline feed

impedance given approximately in equation (11) for the
triplate stripline whose width is much greater than height [8].

Ze%307r‘/@ﬁ.
ef w

II1. EIGENVALUE MATRIX APPROACH

1D

The matrix, whose elements are expressed in (6), is much
smaller in size than the integral equation method described by
Okoshi and Miyoshi [14] for a given port resolution. However,
the present matrix has many extraneous elements that add
unnecessary calculations to the analysis. To demonstrate this,
the subport impedance matrix is written in the following form:

{Zi1}im {Zi2}em {Ziz}im
Zi = |{Z13}em {Z11}em {Zi2}im (12)
{Z12}em {Zisttm {Zai}em

where {Z;} is a submatrix corresponding to output port s and
input port /. The ¢m element of the submatrix is determined
in (13)

{Z}im = 20 z [’Rn(a)ej"(t_m)"‘][ej2”/3]"(s"l),

n=—oco

13)
The phase term e/27/3 occurs in (13) because there is a
correspondence between a given input and any three subports
that have 120-degree angular separation. If, for example, we
divide each port into three subports, as shown in Fig. 3, the
phase relation between subports 1, 4, and 7 are exactly the
same as 2, 5, and 8 as well as 3, 6, and 9. This is referred to

in literature as cyclic symmetry [8].
Riblet has demonstrated in the case of the integral equation
technique that the symmetry allows the impedance matrix
to be reduced to a series of eigenvalue matrices [13]. In a
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TABLE I
NUMBER OF OPERATIONS TO INVERT SUBPORT MATRIX

Number Number of Number of Number of Number of

of Multiplications Additions Multiplications | Additions using
Subports using Direct using Direct using Eigenvalue

Analysis Analysis Eigenvalue Matrix
Matrix

2 216 150 24 6

3 729 576 81 36

5 3375 2940 375 240

7 9261 8400 1029 756

9 19683 18252 2187 1728

similar manner, the subport impedance matrix in (12) has the
same cyclic symmetry, so we can write (12) in terms of three
eigenvalue matrices Zg, Z1, Z_;. Each eigenvalue matrix
Z;. can be written in terms of the submatrices in (12), as
shown in the following equation:

{Zr} = {Zo1} + 77273715} + 226730705 (14)

Substituting (13) into (14) results in the following equation
for each element in Z:

{Zi}im = 1329 Y, Ray-r(a)e2E-Rm=Da(15)

v=—00

where v is summation index of the eigenvalue matrix element.
The change in indices occurs because the 120-degree phasing
terms cancel for all terms except when n + k is a multiple of
three, where n is the index of the summation in (13) and &
is the eigenvalue index.

The main reason for expressing the eigenvalue matrix
elements as a summation is that the analysis of the three port
circulator can be analyzed as a one-port disk resonator with
the single port subdivided. The summation terms in (15) are
similar to those terms in (12) where s equal to . The terms
in (12) where the indices are equal correspond to the one-port
disk resonator with that port segmented. The only difference
between the one-port equation and the eigenvalue matrix in
(15) is a factor of three in each term and the summation indices
changed from n to 3v — k.

The major savings in using the eigenvalue matrix expansion
is in the number of operations required to invert the impedance
matrices. For a circulator where each ports is subdivided into
N subports, inverting the impedance matrix in (12) requires
27N3 products and 27N3 — 18 N? + 3N additions, while the
inverting the three eigenvalue matrices requires only 3N3
multiplications and 3N® — 6N? + 3N additions. Table I
shows the number of operations versus the number of subports
per port. The index “1” denoted the number of numerical
operations associated with inverting the impedance matrix
generated with the direct approach. The “2” index corresponds
to the number of operations required to invert three subport
matrices. Even with as few as two subports, the number
of operations required to invert the system is reduced very
significantly.

Fig. 4. Equivalent circuit of stripline feeding circulator with uneven sub-
ports.

IV. UNEQUAL SUBPORT WIDTH AND COUPLING ANGLE

The main limitation of Bosma’s analysis is the unrealis-
tic assumption of constant port current. The subport model
improves agreement because the currents are allowed to vary
across the strip. By using a lower outer subport impedance, the
current distribution is allowed to follow the edge conditions.
Therefore, a more accurate model results. A three-subport
model is assumed, and we also assume that each subport is
fed by an independent transmission line. This means that the
outer subports have more current incident upon them than the
inner subports. A constant voltage, V., across the entire strip
is still assumed. The three independent transmission lines are
now effectively in parallel until they enter the disk as shown
in Fig. 4.

To reflect this stripline current density, we assume that the
lead line width is less than \/4. In this case, the current density
just beyond the disk edge can be assumed to have the following
tangential distribution [9], [117]:

J5(¢) = Jeo

2

(2

- (%)
where Jso is the current at the center of the strip, ¢ is
the location on the disk, and ¢ is the coupling angle. This

distribution is commonly found in literature [9], [11] for
modeling stripline and microstrip lines. The total current is

(16)
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TABLE II
NETWORK PARAMETERS—THREE-PORT CIRCULATOR
Network Parameter Value

R : Disk Radius 0.225 inches
R,: Gamet Radius 0.442 inches
Lj = R, —R: Transformer Line Length 0.217 inches
w : Transformer Width 0.120 inches
2y; . Total Coupling Angle 0.54 radians
H ;. :Applied DC Field 2500 Oe
47\ ; : Magnetization of Ferrite 1780 Ga
Ep: Ferrite Dielectric Constant 14.5

found by simple integration over the strip width to be Jgp10/2.
If the stripline impedance is assumed to be Z., then the
stripline voltage is determined as Z.Jg01)/2.

To determine the impedance of each line in Fig. 4, we model
the stripline as three discrete transmission lines connected in
parallel. The impedance of each line is evaluated by dividing
the strip width into a center section and two edge sections.
The current in each section is determined by integrating the
current density over each section. The edge and center line
impedance are found as the ratio of the stripline voltage and
current in each section

27,
Zodge =~ 17
T - 2sin T (A) an
Z
Zcenter = '.76 18
T 2sinTT(A) s

where A is the ratio of the central subport angle .. to the total
subport angle +. Based on the above current and impedance
distribution, the eigenvalue matrix element equation (15) is
modified to account for the unequal impedances and coupling
angles

{Zk}lm = j3Zmam Z M3’u—k(al7 am)e—j(m—l)(?ru—k)ﬂ

T (19)
where the subport stripline impedance Z,, subport angle ay,
subport separation angle %, and M, (z, y) are defined the
following four equations:

- Zedge g=13
Zq N {Zcenter q— 2 (20)
. g=1,3

ag = {Z Z _ 3}
9=, +a, 22)

_sin(nx)sin(ny) [J,(BR) |K| n -

Mo ) =y JalBR) ~ |u|BR]
(23)

Since we are assuming a lossless circulator, the matrix whose
elements are determined in (19) must be normalized before
the boundary conditions are applied so that we can determine
the insertion loss, isolation, and impedance. The matrix whose
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elements are determined in (19) converts into a normalized
skew-Hermitian matrix by applying (24) to the eigenvalue
matrix Zy

2y = Z AL}

port

24

where Zpo,+ is a diagonal matrix containing the subport
impedances and coupling angles

Z1a1 0 0

Zport = 0 Z20£2 0
0 0 Zlozl

(25)

The matrix Z;, whose elements are given in (26), are similar
to the equal subport, equal impedance case

{Zk}lm — ]3Ze¢ Z Mgv_k(al, am)e——](m——l)(fi'v—k)ﬂ.

T (26)
If ), is the inverse of the skew symmetric matrix Zj, then
the eigenvalues are found by (27)

3 3 w
Yr = Z Z £
=1 m=1

{Ve}tim. 27

Z
L O,

V. EXPERIMENTAL RESULTS

The three-subport analysis of the three-post disk circulator
was verified using a low microwave (1.5 GHz) circulator
network shown in Fig. 1 using the dimensions in Table IL
The circulator was made of 5-mil-thick brass, and it is sand-
wiched between two 0.884-inch-diameter ferrite disks to form
a triplate stripline circulator with a total height of 0.085 ins.
The ferrite material has a magnetization of 1780 Gauss, and
the applied DC field was approximately 2500 Oersted. The
internal field within the ferrite is assumed to be related to the
DC magnetic field in the following manner:

errmte = Hg, — 4n M. (28)
The device was measured for isolation, insertion loss, and
port impedance using an HP8753C network analyzer with an
HP85044 Impedance Test Bridge.

The circulator was first simulated using equal-angle subports
and equal subport stripline impedances. The network in Fig. 1
was placed between two circular ferrite disks in a triplate
stripline structure as shown in Fig. 2. The circulator was
modeled using 21 modes in the analysis. Each mode was
assumed to be excited through a stripline which extends to the
edge of the ferrite. The stripline length was approximately A/4
long, and the frequency response of the feed line was included
in the simulation. The above circulator was also modeled using
different central subport angles with the subport impedances
weighted accordingly. The number of modes was increased to
45 (—22 through +22) for the uneven impedance case since
the narrower outer ports needed better resolution.

The frequency response of the isolation is shown in Fig. 5
and it is in fairly good agreement with the measured data. The
isolator passband edges, defined as the 20-dB isolation fre-
quencies, were located at 1.35 and 1.85 GHz. The two-subport
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analysis predicted these frequencies to be 1.34 and 1.71 GHz,
while the three subport analysis predicts them to be 1.36 and
1.70 GHz. The five-subport model had the best agreement
with 20-dB isolation frequencies of 1.34 and 1.72 GHz. The
simulation based on Bosma’s analysis predicts the 20 dB
isolation frequencies to be 1.38 and 1.52 GHz.

The least isolation in the passband as determined from Fig. 5
is measured as 20.5 dB, and this isolation is located near the
center of a double response. The five-subport results were

the closest to measured results with the predicted isolation
of 21 dB at the midband frequency. Bosma’s analysis yielded
only a single response with a predicted isolation of 29 dB in
the center of the response.

Fig. 6 shows that the measured input impedance varies from
65 ohms to 40 ohms over the 1.35-1.85 GHz passband with
an average value of 45 ohms. The predicted results using the
subport analysis vary between 47.5 ohms for the two-subport
case and 51.5 ohms for the five-subport case. The predicted
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resistance using Bosma was 31.5 ohms, which is significantly
lower than the measured data. The reactance response plotted
in Fig. 7 shows that the predicted and measured results did
not differ significantly. The resulting reactance was so small
relative to the resistance that the reactance variation had little
effect on the overall predicted performance. Overall, the three-
subport segmentation seems to offer the best agreement with
measured isolation and measured impedance.

In the above results, the summation range in (12) was taken
to be from —N to N, where N is the number of subports.
This is equivalent to generating the direct subport matrix with
summation indices ranging from —(3N + 1) to 3N + 1. The
convergence of these results was studied versus the number of
resonant modes. No advantage was observed in increasing the
number of modes beyond the previously discussed limits. The
weighting coefficients of the electric field at three frequencies
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Fig. 10. Input resistance versus frequency—uneven subports.

in the circulator passband is shown in Table III for the three number of modes. The convergence of the isolation was even
subport analysis. This table shows that most of the electric faster than the convergence of the impedance.

field in the disk is generated in the +1 through -+5 modes. The effects of the unequal subport angles and impedances
Most of the other modes are excited at a significantly lower on isolation and impedance are presented in Figs. 7-9. Varying
level. Fig. 8 shows the convergence of the input impedance the subport angles, while keeping the subport impedances
versus frequency curve for different summation ranges. Fig. 8 equal, is not physical (the subport impedance varies with the
also confirms the convergence of the impedance for a small effective subport width). Therefore, changing of the subport
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impedances is coupled to the subport angles. The main input
stripline impedance remains Z, as in the equal subport angle
and equal impedance case.

From Fig. 9, the isolation curve showed an improved agree-
ment between the predicted results and the measured data over
a range of subport angles. Between normalized central angles
of 0.25 and 0.4, the variation was not particularly significant in
terms of bandwidth and isolation. When the central angle fell

below 0.25 or increased above 0.4, the discrepancy between
the predicted and measured bandwidth and isolation increased.

Figs. 10 and 11 show that the predicted input impedance has
good agreement with experimental data when the normalized
central angle lies between 0.25and 0.5. Figs. 10 and 11 show
that when the central angle is within that range, the input
resistance at 1.6 GHz varies from 41 to 62 ohms, while the
input reactance varies from —10 to +10 ohms. When the
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normalized central angle reaches 0.7, the resistance increases
to 80 ohms and the reactance increases beyond 25 ohms. Also,
as the central angle exceeds 0.5, the input impedance becomes
unrealistic because at least one of the subports become too
large to assume a constant current across it.

The center frequency and percentage bandwidth plotted
versus normalized central angle in Fig. 12 shows that the
analysis has fairly good agreement over the same range of

relative central angles as those which accurately predicted the
isolation frequency response and input impedance response.
The center frequency varied between 1.56 and 1.62 GHz
over a normalized central angle range of 0.25-0.40, while the
experimental isolator had a center frequency of 1.56 GHz (an
error of 1.2% error). The predicted bandwidth converged to
28% over most of the central angle range, while the measured
results show a 31.2% bandwidth.
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TABLE III
‘WEIGHTING OF ELECTRIC FIELD FOURIER SERIES TERMS
Mode 1.34 GHz 1.53 GHz 1.71 GHz
-4 0.0113 0.0006 0.0327
-3 0.0112 0.0006 0.0328
-2 0.0177 0.0010 0.0529
-1 0.0654 0.0039 0.2239
0 0.1064 0.0047 0.1764
+1 1.0000 1.0000 1.0000
+2 0.0609 0.0049 0.7320
+3 0.0825 0.0060 0.5607
+4 0.0720 0.0051 0.4307
+5 0.0088 0.0006 0.0499
+6 0.0302 0.0021 0.1664
+7 0.0339 0.0023 0.1840
+8 0.0239 0.0017 0.1286
+9 0.0094 0.0006 0.0502
+10 0.0134 0.0009 0.0709

Finally, in Figs. 13 and 14, the predicted current distribution
of input and output port are presented for normalized central
angles of 0.20, 0.333, 0.40, and 0.50. The current density is
expected to be asymmetric due to the anisotropic behavior of
the ferrite. [11] The predicted current in Fig. 13 reflects this
tendency as it shows that the current on one edge is higher
than that on the other due to ferrite nonreciprocity. In Fig. 14,
the output current also shows the asymmetry and edge effects
with the higher current on the opposite edge of the input port
of the circulator.

From the results derived for the weighted subport analysis,
the accuracy of the analysis seems to be good over a fairly
wide range of subport angles, and the best accuracy seems to
occur when the angles are closely equal. The improvement in
accuracy using unequal subport impedances was noticeable for
normalized central subport angles between 0.25 and 0.4. The
only disadvantage was that the number of summation terms
required for convergence was increased from 3N +1 to roughly
4N. Such an increase in the number of summation terms did
not significantly reduce the numerical efficiency of the present
approach.

VI. CONCLUSION

An accurate and numerically efficient analysis of a tightly
coupled stripline junction circulator has been demonstrated. By
calculating and solving for eigenvalue matrices instead of the
overall impedance matrix, the number of operations decrease
dramatically. The resulting equal-impedance subport analysis
is shown to be accurate in center frequency, bandwidth,
midband isolation, and optimum impedance for a tightly
coupled circulator. Further accuracy improvement occurred by
using uneven subport impedances to enhance the currents at
the edge of the triplate stripline feeding the circulator. The
weighted subport analyis required more summation modes, but
the resulting accuracy improvement more than compensated
for the slightly increased computing time.
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